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Abstract
We study decoherence produced by a discrete environment on a charge Josephson qubit by
introducing a model of an environment of bistable fluctuators. In particular we address the effect
of 1/f noise where memory effects play an important role. We perform a detailed investigation of
various computation procedures (single shot measurements, repeated measurements) and discuss
the problem of the information needed to characterize the effect of the environment. Although in
general information beyond the power spectrum is needed, in many situations this results in the
knowledge of only one more microscopic parameter of the environment. This allows to determine
which degrees of freedom of the environment are effective sources of decoherence in each different
physical situation considered.
PACS numbers: 03.65.Yz, 03.67.Lx, 05.40.-a
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A high degree of quantum coherence is crucial for operating quantum logic devices [1].
Solid state nanodevices seem particularly promising because of integrability and flexibility
in the design and several possible implementations have been proposed [2, 3, 4, 5, 6]. Few
recent experiments succeeded in detecting coherent dynamics in superconducting devices [7,
8, 9, 10], but revealed limitations in the performances, due to decoherence.
In a quantum logic device the interesting degrees of freedom are related to a given set
of observables which we can prepare (write) and measure (read), and define the system.
Their eigenstates | {qi} 〉 form the computational basis. The dynamics of a state |ψ, t 〉 =∑
q1...qN
cq1...qN (t) | q1, . . . , qN 〉 may be controlled if the Hamiltonian of the system is tunable.
Loss of coherence is due to the fact that the Hilbert space of the device is much larger than
the computational space [11, 12]. The additional degrees of freedom define the environment,
which cannot be controlled and moreover little information is available on it. Decoherence
is ultimately due to the entanglement between system and environment [11], but in order to
pursue this point of view one should be able study the full dynamics, in particular system-
environment correlations. A less fundamental point of view, which we adopt here, is to
associate decoherence to the loss of fidelity of a quantum gate. The environment blurs the
output signal because it produces uncertainties in the phase relation between the amplitudes,
c{qi}(t).
The environment degrees of freedom may be “internal” to the device, which is a many-
body object, or “external”, belonging to the circuitry and to auxiliary devices. Internal
decoherence is a serious problem in solid state nanodevices, due to the presence of many low
energy excitations.
Investigation of the reduced qubit dynamics requires information about the environment.
In several cases (weakly coupled environment [13], harmonic oscillator environment [14, 15])
the information is contained in the power spectrum of the environment operators coupled to
the qubit[32]. In this work we study a more general situation, an environment of quantum
bistable fluctuators which may have memory on the time scale of the qubit dynamics, and
may display the effect of non-gaussian correlations. A physical example are charged impuri-
ties in substrates and oxides. These background charges (BC) produce for instance the 1/f
noise [17] observed in metallic tunnel junctions [18, 19].
We will present here analytic results which elucidate several aspects of the BCs environ-
ment. In particular we show that decoherence depends on details of the dynamics of the
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environment beyond the power spectrum [20]. As a consequence it may differ for different
gates, but in many cases the additional information required reduces to one microscopic
parameter [21].
I. MODEL FOR THE SYSTEM AND THE ENVIRONMENT
Superconducting qubits [3, 4, 5, 6] are the only solid state implementations where coher-
ence in a single qubit has been observed in the time domain [7, 8, 9] and two-qubit systems
are investigated [10]. Thus problems on decoherence can be posed in a realistic perspective.
In all the above implementations it has been recognized that 1/f noise is a major source
of decoherence. We will focus on charge-Josephson qubits [5], where 1/f noise produced by
BCs trapped close to the device (Fig. 1). We describe these BCs by introducing an impurity
model. Many of our results and methods can be applied to different noise sources (eg. flux
noise in flux-Josephson qubits [22, 23]) and other solid-state implementations (eg. gates
based on the Coulomb interaction in semiconductor-spin qubits), but we will not discuss
these topics here.
A. The Superconducting Box
The charge-Josephson qubit [5] is a superconducting island connected to a circuit via a
Josephson junction and a capacitance C2 (Fig. 1). The computational states are associated
with the charge Q in the island. They are mixed by the Josephson tunneling. Level splittings
can be tuned by the external voltage Vx and under suitable conditions (EC ≫ EJ and
low temperatures kBT ≪ EJ ) only two charge states are important, which define the z
component of a pseudospin. The the system implements a qubit with Hamiltonian
HQ =
ε
2
σz −
EJ
2
σx ; ε(Vx) = 4EC(1− C2Vx/e) (1)
3
C
C
EV
Q
x
J
J
FIG. 1: A charge Josephson qubit in the presence of BCs located in the substrate or in the
oxide close to the junction. Relevant scales are the charging energy EC = e
2/2(C1 + C2) and the
Josephson energy EJ
B. System Plus Environment Hamiltonian
We describe each BC as a localized impurity level connected to a fermionic band [20, 24,
25]. For a single impurity the total Hamiltonian is
H = HQ −
v
2
b†bσz +H
I ; HI = εcb
†b+
∑
k
[Tkc
†
kb+ h.c.] +
∑
k
εkc
†
kck (2)
Here HI describes the BC alone: b (b†) destroys (creates) an electron in the localized level
εc and the electron may tunnel with amplitude Tk to a band, described by the operators ck,
c†k and the energies εk. An important scale is the switching rate γ = 2πN (ǫc)|T |
2 (N is the
density of states of the band, and |Tk|2 ≈ |T |2), which characterizes the relaxation regime
of the BC. The BC determines a bistable extra bias v for the qubit, via the coupling term.
For a set of BCs we generalize Eq. (2) as follows
H = HQ −
1
2
Eˆ σz +
∑
i
HIi (3)
where extra bias operator is Eˆ(t) =
∑
i vib
†
ibi. For simplicity the assumption that each
localized level is connected to a distinct band has been made.
C. Model for 1/f Noise
The environment in Eq. (3) above is specified by the distribution of the switching rates
γi which we choose in order to reproduce the 1/f noise. The standard way [17] is to assume
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a distribution P (γ) ∝ 1/γ for γ ∈ [γm, γM ]. Indeed if we look at the relaxation regime of the
BC, the total extra polarization is a classical stochastic process E(t) with power spectrum
S(ω) =
∑
i
Si(ω) ; Si(ω) =
1
2
v2i (1− δp
2
)
γi
(γ2i + ω
2)
, (4)
δp being the thermal average of the difference in the populations of the two states of the
BC, the distribution P (γ) leads to to 1/f noise, S(ω) = {π(1− p2)nd v2/(4 ln 10)} ω
−1 for
frequencies ω ∈ [γm, γM ] (nd is the number of fluctuators per noise decade). With the above
choice of parameters, the Hamiltonian Eq. (3) has been used to study decoherence due to
1/f noise [20].
II. REDUCED DYNAMICS
Our aim is to investigate the effect of the BC environment on the dynamics of the qubit.
The standard road-map is to calculate the reduced density matrix [14] of the qubit ρQ(t) =
TrE{W (t)}, W (t) being the full density matrix. In the standard weak coupling approach
a master equation for ρQ(t) is written [13], the environment entering its dynamics only via
the power spectrum, Eq. (4). A master equation for ρQ(t) can also be obtained by modeling
the environment by a set of harmonic oscillators. By using diagrammatic techniques [14,
26, 27] results of the standard weak coupling approach are obtained at lowest order in the
couplings v, but it has been pointed out that higher orders are important for a 1/f oscillator
environment [20, 27, 28].
The failure of the standard weak coupling approach is due to the fact that the 1/f envi-
ronment includes fluctuators which are very slow on the time scale of the reduced dynamics,
the approach being reliable only for BCs with vi ≪ γi [13, 20]. Rather than study higher
orders in the perturbation series [27], we prefer to use a different strategy. We study the
models Eqs.(2,3) by enlarging the system and considering only the bands as the environ-
ment. The modified road-map consists in calculating in some approximation the reduced
density matrix (RDM) ρ(t) = Trbands{W (t)} and then extract exactly ρQ(t). This allows to
obtain results to all orders in the coupling v and to investigate details of various quantum
gates. The disadvantage is that we have a larger system to deal with. We have investigated
this problem with different techniques [20], here we present a master equation approach,
which covers many of the results we obtained before.
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A. Master Equation for a Single BC
We split Eq. (2) in system, H0 = HQ−
v
2
b†bσz+εcb
†b, and environment, HE =
∑
k εkc
†
kck,
coupled by V =
∑
k[Tkc
†
kb+h.c.]. The eigenstates (and eigenvalues) of H0 are product states
of the form | qubit 〉 |BC 〉 , namely | a 〉 = | θ+ 〉 | 0 〉 (−Ω/2), | b 〉 = | θ−〉 | 0 〉 (Ω/2),
| c 〉 = | θ′+ 〉 | 1 〉 (−Ω′/2 + εc), | d 〉 = | θ
′−〉 | 1 〉 (Ω′/2 + εc). Here | θ±〉 are the two
eigenstates of σnˆ, the direction being specified by the polar angles θ and φ = 0. Each set of
qubit states corresponds to a value of b†b = 0, 1: the two level splittings are Ω =
√
ε2 + E2J
and Ω′ =
√
(ε+ v)2 + E2J , and finally cos θ = ε/Ω, sin θ = EJ/Ω, cos θ
′ = (ε+ v)/Ω′,
sin θ′ = EJ/Ω
′.
In the basis of the eigenstates of H0 the master equation for the RDM in the Schro¨dinger
representation reads
dρij(t)
dt
= −i ωij ρij(t) +
∑
mn
Rij mn ρmn(t) (5)
where ωij is the difference of the eigenenergies and Rij mn are the elements of the Redfield
tensor [13]
Rij mn =
∫ ∞
0
dτ
{
C>njmi(τ) e
iωmiτ + C<njmi(τ) e
iωjnτ
−δnj
∑
k
C>ikmk(τ) e
iωmkτ − δim
∑
k
C<nkjk(τ) e
iωknτ
}
(6)
The correlation functions are given by
C
>
<
ijkl(t) =
[
〈 i | b | j 〉 〈 l | b† | k 〉 + 〈 i | b† | j 〉 〈 l | b† | k 〉
]
iG
>
< (t)
where iG>(ω) = γ/(1 + e−βω), G<(ω) = G>(−ω). Many of the coefficients Rijmn vanish. In
particular the system of equations (5) splits in two blocks. The first contains the populations
and the coherences ρab and ρcd, together with their conjugate, i.e. the elements diagonal in
the BC. The second block contains all the other coherences, which vanish identically if the
initial RDM ρ(0) is diagonal in the BC, the physically relevant case for our purposes.
In the standard secular approximation [13] in the r.h.s. of Eq. (5) are retained only
terms with coefficients Rij ij , but this is not enough in our problem. To discuss possible
approximations we first point out that we are interested in the case v ≪ Ω,Ω′. We have
two important scales, namely Ω′ − Ω and Ω ∼ Ω′, the latter being much larger than the
former. The secular approximation is valid if γ ≪ Ω′ − Ω, i.e. for an almost static BC. If
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γ ∼ Ω′ − Ω ≪ Ω ∼ Ω′ we can no longer neglect the coefficients mixing ρab and ρcd (and
those mixing the conjugates). We call this regime adiabatic. Finally in the fast BC regime,
γ & Ω,Ω′, all the Rij mn must be present. Despite of this, the reduced dynamics of the qubit
is just the result of lowest order approach [14, 26, 27], so we will not discuss this regime
anymore.
B. Results for Adiabatic BCs
In the adiabatic regime coherences are calculated using the following elements of the
Redfield tensor
Rab ab = −
γ
2
[
1− c2δ − s2δ′ + i
(
c2w + s2w′
)]
; Rab cd =
c2γ
2
(
1 + δ − iw
)
Rcd cd = −
γ
2
(
1 + c2δ + s2δ′ + i
(
c2w − s2w′
)]
; Rcd ab =
c2γ
2
(
1− δ − iw
)
where c = cos[(θ − θ′)/2], s = sin[(θ − θ′)/2], δ = tca + tdb, δ
′ = tda + tcb, w = wca − wdb,
w′ = wda − wcb and
tij =
1
2
tgh
(βωij
2
)
; wij = −
1
π
ℜ
{
ψ
(π + iβωij
2π
)}
.
Here ψ(z) is the digamma function. The coherences ρab(t) and ρcd(t) can be found in closed
form by simply diagonalizing a 2 × 2 matrix. They allow to study the qubit coherence via
〈σy(t)〉 = −2ℑ[ρab(t) + ρcd(t)]. The qubit coherence decays as exp{−Γ(t)}, where
Γ(t) = − ln
∣∣∣∣ ρab(t) + ρcd(t)ρab(0) + ρcd(0)
∣∣∣∣ . (7)
Here we present the analytic solution in a regime where the dynamics of the charge is
not modified by the presence of the qubit, a case which is of interest for 1/f noise. We find
ρab(t) + ρcd(t) = e
i(Ω+γg/2)t 1
2α
{
A(α) e−
γ
2
(1−α)t − A(−α) e−
γ
2
(1+α)t
}
(8)
where α =
√
1− g2 − 2igδp− (1− c4)(1− δp
2
) and g = (Ω′ − Ω)/γ enter the decay rates
whereas the prefactors are
A(α) = (α + c2 − ig′) ρab(0) + (α+ c
2 + ig′) ρcd(0) ; g
′ = g + i δp (1− c2) .
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C. Two Regimes for the BC
A rough analysis of Eq. (8) allows to draw a physical picture. If g ≫ 1, α is substantially
imaginary, reflecting the fact that a very slow BC mainly provides a static energy shift.
Instead for g ≪ 1 the decay rates acquire a real part thus a fast BC may determine an
exponential reduction of the output signal. From a more quantitative analysis [20] it emerges
that BCs with g ≪ 1, which we call weakly coupled, behave as a suitable set of harmonic
oscillators with power spectrum given by Eq. (4). They mainly produce the homogeneous
broadening of the signal. Instead BCs with g ≫ 1, which we call strongly coupled, give rise
to memory effects and deviations of their statistical properties from those of an oscillator
environment (cumulants higher than the second) are relevant [17]. They mainly produce the
inhomogeneous broadening of the signal.
Finally we compare this result with other approaches. Notice first that Eq. (8) is valid
if the power spectrum Si(ω) (see Eq. (4)) is negligible at frequencies ω ∼ Ω. In this regime
both the decay Γ(t) Eq. (7) and the energy shift reproduce the results of the standard weak
coupling approach [13] if γt≫ 1. On the other hand, as in the work of Refs. [14, 26, 27], we
may simulate the effect of the BC by a suitable set of quantum harmonic oscillators. The
resulting decoherence rate for this oscillator environment is given by
Γosc(t) =
1
2
g2
[
∂2Γ(t)
∂g2
]
g=0
(9)
where Γ(t) is given by Eq. (8) with thermal initial conditions for the BC.
III. PURE DEPHASING
For EJ = 0 the environment only produces random fluctuations of the level splitting.
This case, usually referred to as “pure dephasing”, is special in that the Hamiltonian (3)
commutes with σz. The charge in the island is then conserved and no relaxation occurs, but
if we prepare the qubit in a superposition the system will dephase.
If the initial density matrix is factorized, W (0) = wE(0) ⊗ ρQ(0), it is possible to write
an exact expression for the coherences only in terms of the environment [12, 20, 21],
ρQ01(t) = ρ
Q
01(0) e
−Γ(t)−iδE(t) ; Γ(t) = − ln
∣∣TrE{wE(0) eiH−1te−iH1t}∣∣ (10)
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where Hη =
∑
iH
I
i − (η/2) Eˆ. This general expression may be further simplified because
individual charges contribute independently to Γ(t), Γ(t) =
∑
i Γi(t), where Γi(t) is the
dephasing due to a single charge resulting from the Hamiltonian Eq. (2). We notice that
in this case θ = θ′, which implies that ρQ10(t) = ρab(t) + ρcd(t) and moreover the adiabatic
approximation is exact, since the Redfield coefficients relating the above two coherences with
all the other entries of the RDM vanish identically. Then Γi(t) is given by Eq. (7) and in
the limit described by Eq. (8) we find the analytic form
Γi(t) = − ln
∣∣∣Ai e− γi2 (1−αi)t + (1− Ai) e− γi2 (1+αi)t
∣∣∣ (11)
where Ai = [1 + (1 − igi)/α] p0i + [1 + (1 + igi)/α] p1i, gi = vi/γi, αi =
√
1− g2i − 2igiδpi,
and p0i (p1i) is the probability that the i-th BC is initially empty (singly occupied). This
result has been obtained using several different techniques in [20, 21].
Finally by combining the equations of this section with Eq. (9) we recover the exact
result of a set of harmonic oscillators [12]
Γosc(t) =
∫ ∞
0
dω
π
S(ω)
1− cosωt
ω2
. (12)
A. Single BC
We study deviations of Eq. (11) from the result for an oscillator environment, Eq. (12).
We consider different initial conditions for the BCs. Substantial deviations are clearly ob-
served, except in the case of a weakly coupled BC (g = 0.1). In particular BCs with
g > 1 induce slower dephasing compared to an oscillator environment with the same S(ω),
a sort of saturation effect. Recurrences at times comparable with 1/v are visible in Γ(t).
In addition strongly coupled charges show memory effects. We now study the effect of
the initial conditions of the BC, expressed via δp0 = p0 − p1. In a single shot process
δp0 = ±1 and Γ(t) describes dephasing during time evolution (homogeneous broaden-
ing). Memory effects are apparent and in particular for γt ≪ 1 the short time behavior
is Γ(t) ≈ v2t2(1 − δp20)/8 + γv
2t3 (1 + 2δp0δp− 3δp
2
0)/24 ∝ t
3. A two level system is stiffer
than a set of oscillators and indeed Γosc(t) ≈ v2(1 − δp
2
)/8 t2. On the other hand if we
choose δp0 = δp in Eq. (11), for very short times Γ(t) ≈ Γosc(t). This case corresponds
physically to repeated measurements where the preparation of the BC is not controlled and
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FIG. 2: Reduced Γ(t) due to a BC prepared in a stable state (δp0 = 1 solid lines and δp0 = −1
dotted lines) and in a thermal mixture (δp0 = δp dashed lines) for the indicated values of g = v/γ.
Inset: longer time behavior for stable state preparation. The curves are normalized in such a way
that the oscillator approximation for all of them coincides (thick dashed line)
determines slightly different characteristic frequency for the qubit. This sort of inhomoge-
neous broadening adds to decoherence during the individual time evolutions and determines
a faster decay of Γ(t).
To summarize a weakly coupled BC, g ≪ 1, behaves as a source of gaussian noise,
decoherence depending only on the power spectrum of the fluctuator, whereas decoherence
due a strongly coupled BC, g ≫ 1, displays saturation effects and dependence on the initial
conditions of the BC.
B. 1/f Noise in Single Shot Measurements
The set of BCs producing 1/f noise contains both weakly and strongly coupled fluctua-
tors, so no typical time scale is present. A very large number of slow fluctuators is present,
and it is not a priori clear how saturation manifests. In Fig. 3 we show the results for a
realistic sample. We choose initial conditions δp0j = ±1 randomly distributed on the set
of N BCs with (1/N)
∑
j δp0j ≈ δp. We checked that different microscopic realizations of
this conditions give roughly the same total initial extra bias E(0) and the same dephasing.
We calculate dephasing during the time evolution, i.e. the average signal of several single-
shot experiments, where E(0) is re-calibrated before each experiment. This ideal protocol
10
0 2e-09 4e-09
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-10
-5
0
-
Γ(t
)
2
3
445
12
5
12
FIG. 3: Γ(t) due to 1/f noise in the range ω ∈ [γm, 10
12Hz], for decreasing γm (solid lines, the label
is the number of decades included). Slower BCs saturate whereas this not happens for an oscillator
environment (dashed lines). Parameters (v = 9.2× 107Hz, nd = 1000) give the experimental noise
levels and reproduce the observed decay of the echo signal [19]. Couplings vi are distributed with
∆v/|v| = 0.2
minimizes the effects of the environment.
We now perform a spectral analysis of the effects of the environment by adding slower
fluctuators decade after decade, in a way such that 1/f noise with the same amplitude A is
present for ω ∈ [γm, 1012Hz]. We see in this example that dephasing is given by BCs with
γj > 10
7Hz ≈ |v|/10. The overall effect of the strongly coupled BCs (γj < |v|/10) is minimal,
despite of their large number, thus low-frequency noise saturates. Instead Γosc(t), Eq. (12)
does not saturate at low frequencies. We notice finally that for this protocol Γ(t) is roughly
given by Γosc(t) provided low frequencies are cut off at ω ∼ |v|. Thus dephasing depends
essentially on a single additional parameter besides the power spectrum S(ω), namely the
average coupling |v| or equivalently the number of charges producing a decade of noise, nd.
Our results are not very sensitive to the value of nd we choose. Indeed for constant
amplitude A we must keep constant
∑
i v
2
i ≈ ndv
2, so the effective low-frequency cutoff
∼ |v| varies as n−1/2d . For nd →∞ the low-frequency cutoff goes to zero, as in the result Eq.
(12) for the oscillator environment.
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C. Repeated Measurements and Inhomogeneous Broadening
Single-shot measurements are a goal for experimental research, but presently available
protocols involve repeated measurements. For instance in [7, 19] the time evolution proce-
dure is repeated ∼ 105 times and the total current due to the possible presence of the extra
Cooper pair in all the repetitions is measured. The signal is then the sum over different
possible time evolutions of the BCs with initial conditions which are also randomly fluctu-
ating. This additional blurring of the output signal results in a faster decay for Γ(t). As
explained in [21], this is accounted for by letting in Γ(t) (i.e. in Eqs.(11)) δp0i = δpi(tm),
0 5e-10 1e-09 1.5e-09
t (sec)
-4
-3
-2
-1
0
-
 
Γ*
(t) 1/t
meas
=107Hz
1/t
meas
=105Hz
1/t
meas
=103Hz
FIG. 4: Different averages over δp0j for 1/f spectrum reproduce the effect of repeated measure-
ments. They are obtained by neglecting (dotted lines) or account for (solid lines) the strongly
correlated dynamics of 1/f noise. The noise level of [19] is used, by setting |v| = 9.2 × 106Hz,
nd = 10
5, γm = 1Hz, γM = 10
9Hz. Dashed lines are the oscillator approximation with a lower
cutoff at ω = min{|v|, 1/tm}
the average of the values of δpj sampled at regular times tα for the overall measurement
time tm. As a rough estimate we let δpi(tm) = ±1 if γitm < 1 and δpi(tm) = δpi for
γitm > 1, and consider only the case of long overall measurement time |v|tm ≫ 1. In this
case BCs with γ < 1/tm are saturated and are not effective, whereas for the other BCs,
being averaged, we may take Γ(i)(t) ≈ Γ(i)osc(t) for small enough times. The result would be
Γ(t) ≈
∫∞
1/tm
dω S(ω)(1 − cosωt)/(πω2) and would proof the recipe proposed by Cottet et
al. [28].
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In Fig. 4, (dotted lines) we show that indeed dephasing calculated as outlined above,
is roughly given at short times by the oscillator environment approximation with a lower
cutoff taken at ω ≈ min{|v|, 1/tm}. We also show results with a different averaging procedure
δp0j(tm) = 1/tm
∫ tm
0
dtδp(t) which takes into account the strongly correlated dynamics of 1/f
noise (solid lines in Fig. 4,). These correlations do not affect the results except possibly for
tm ≈ |v|.
D. Charge Echo
Echo-type techniques have been recently suggested [7, 28] and experimentally tested [19]
as a tool to reduce inhomogeneous broadening due to the low-frequency fluctuators of the
1/f spectrum. In the experiment of [19] the echo protocol consists of a π/2 preparation
pulse, a π swap pulse and a π/2 measurement pulse. Each pulse is separated by the delay
time t. We calculated the decay of the echo signal using a semi-classical approach [21, 29].
This result allowed to estimate the parameters we have used in this work by comparing with
[19].
The decay depends very weakly on initial conditions of the BCs and is well reproduced by
the oscillator environment approximation. This means that in the experiment [19] the echo
procedure actually cancels the effect of strongly coupled charges, this conclusion being valid
as long as the delay time is short, t|v| ≪ 1. We remark that in the regime of parameters
we consider, for given noise amplitude the echo signal is strongly dependent on the high
frequency cutoff and a detailed analysis may give information on the actual existence of
BCs switching at rates comparable with Ω ∼ 10 GHz.
IV. DECOHERENCE FOR A GENERIC WORKING POINT
The most effective strategy for defeating 1/f noise has been implemented in the exper-
iment by Vion et al. [8]. It is useful to explain it in a non pictorial way by considering
decoherence as given by the weak coupling approach [13, 14, 26]
Γ0(t) =
[1
2
S(0) cos2 θ +
1
4
S(Ω) sin2 θ
]
t . (13)
Even if this formula does not hold for 1/f noise, it indicates that the dangerous adiabatic
term containing S(0) may be eliminated (in lowest order) if one operates at θ = π/2.
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Small deviations from this point may determine a dramatic increase of decoherence [8].
Understanding decoherence in a generic operating point may help in designing more flexible
gates, or to implement different strategies as computation with geometric phases [6].
A. Single BC
First we consider Eq. (8) and we notice that by changing the working point θ, a strongly
coupled BC may become weakly coupled and vice-versa. For simplicity we let KT ≫ εc,
then α ≈
√
c4 − g2. The BC is weakly coupled if γ ≫ γc = (Ω′−Ω)/c2. Thus, the threshold
value decreases if we go from θ = 0 to θ = π/2 (see Fig. IV).
To get some insight in the problem of decoherence away from θ = π/2 we consider Γ(t)
in the adiabatic regime Eqs. (7,8). Results plotted in Fig. 6 show Γ(t) parametrized by
θ for four values of the parameter v/γ. For reference we plot also (dashed lines) Γ0(t),
Eq. (13). The top left panel shows a weakly coupled BC for which Γ(t) roughly follows
Γ0(t). The other panels show BCs with v ≥ γ which turn from strongly coupled to weakly
coupled increasing θ ∈ [0, π/2]. For these latter BCs saturation is less effective in suppressing
decoherence when the operation point is close to θ = π/2, which may be an indication of
the fact that their effect is more sensitive to deviations from the optimal point.
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FIG. 5: The threshold value for a BC behaving as weakly coupled depends on the operating point
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plotted (dashed lines). In the units used, Γ0(t) is the same in each panel
B. 1/f Noise at the Optimal Point
For a set of BCs the road-map for the reduced dynamics outlined in Sec. II is not easily
implemented by generalizing the master equation Eq. (5). In [20] we used the Heisenberg
equations of motion, where we factorize correlations between the qubit and the bands, and
between different BCs. We are left with a set of 3(N + 1) coupled differential equations,
where N is the total number of BCs. These approximations are expected to work for small
vi but in effect they give accurate results for general values of gi even if vi/EJ is not very
small, as we checked by comparing with numerical evaluation of the master equation for the
qubit with one and two BCs. We study decoherence at the optimal point θ = π/2 (Ω = EJ)
via the Fourier transform of 〈σz(t)〉. We consider a set of weakly coupled BCs in the range
[ 10−2, 10 ]EJ which determines 1/f noise around the operating frequency with amplitude
15
1 1.002 1.004
ω / EJ
0
2000
4000
6000
σ
z(ω
)  E
J
(a)
0.0001 0.01 1
ω / EJ
1e-06
0.0001
0.01
1
S(
ω)
 
/ E
J
slow charge
simulated 1/f
1/f + slow charge
1/f spectrum
1 1.002 1.004
ω/EJ
0
400
800
1200
σ
z(ω
)   
E 
J
(b)
FIG. 7: (a) The Fourier transform σz(ω) for a set of weakly coupled BCs plus a single strongly
coupled BC (solid line). The separate effect of the coupled slow BC alone (g0 = 8.3, dashed line)
and of the set of weakly coupled BCs (dotted line), is shown for comparison. In the inset the
corresponding power spectra: notice that at ω = EJ the power spectrum of the extra charge alone
(dashed line) is very small. In all cases the noise level at EJ is fixed to the value S(EJ)/EJ ≈
3.18 × 10−4. (b) The Fourier transform σz(ω) for a set of weakly coupled BCs plus a strongly
coupled BC (v0/γ0 = 61.25) prepared in the ground (dotted line) or in the excited state (thick
line)
of the typical measured spectra [18, 19] extrapolated at GHz frequencies. Dephasing due
to this set of BCs agrees with the weak coupling result Eq. (13). Then we add a slower
(and strongly coupled g0 = v0/γ0 = 8.3) BC, which should produce no effect according to
Eq. (13), Fig. 7a. We find that the strongly coupled BC alone determines a dephasing rate
comparable with that of the weakly coupled BCs and the overall dephasing rate is more than
doubled. This result shows that slower charges γ ≪ Ω play a role in dephasing. Moreover
information beyond S(ω) is needed, as we checked by showing that sets of charges with
different N and vi but the same S(ω) yield substantially different values of the decoherence
rate. Decoherence is larger if BCs with g&1 are present in the set. In summary these
results show that Eq. (13) underestimates the effect of strongly coupled BCs and also that
decoherence at the optimal point may be substantial even if the 1/f spectrum does not
extend up to frequencies ∼ EJ .
If we further slow down the added BC we find that Γφ increases toward values ∼ γ0,
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the switching rate of the BC. This indicates that the effect of strongly coupled BCs on
decoherence tends to saturate, in analogy with the results for pure dephasing. In this
regime, we observe also memory effects related to the initial preparation of the strongly
coupled BC (see Fig. 7b). Again we expect a dependence of dephasing on the protocol of
the quantum gate.
V. CONCLUSIONS
In conclusion we have studied dephasing due to charge fluctuations in solid state qubits.
For a fluctuator environment with 1/f spectrum memory effects and higher order moments
are important so additional information on the environment is needed to estimate dephasing.
In this case the additional information of the environment needed depends on the protocol
but often reduces to a single parameter. A new energy scale emerges, the average coupling
|v| of the qubit with the BCs, which is the additional information needed to discuss single
shot experiments (alternatively one should know the order of magnitude of nd). For repeated
experiments the relevant scale is instead min{|v|, 1/tm} where tm is the overall measurement
time. We point out that these scales emerge directly from the study of the dynamics of the
model, and not from further assumptions. Finally echo measurements are sensitive to the
high-frequency cutoff γM of the 1/f spectrum.
It is interesting to notice that some result relative to an environment of quantum harmonic
oscillators for arbitrary qubit-environment coupling may be obtained as a limit of the discrete
environment in the semi-classical regime, and depend on the classical statistical properties of
an equivalent random process with no reference to the quantum nature of the environment.
Our results are directly applicable to other implementations of solid state qubits. Joseph-
son flux qubits [22, 30] suffer from similar 1/f noise, originated from trapped vortices. Our
model applies if σz represents the flux. Also the the parametric effect of 1/f noise on the
coupling energy of a Josephson junction [23] can be analyzed within our model, as long
as individual fluctuators do not determine large variations of EJ . In this case it may be
possible that the same sources generate both charge noise and fluctuations of EJ . This can
be accounted for by choosing the “noise axis” as the zˆ axis.
An important issue is to understand dephasing near the optimal operating points of the
qubit [8]. Low-frequency noise can also be minimized by echo techniques, but the flexibility
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in the implementation of gates is greatly reduced. A possibility is to implement quantum
computation using Berry phases [6], where the design of gates includes an echo procedure.
Frequency shifts can be calculated within our model but a reliable analysis of the effect of
1/f noise is still missing.
Finally we mention that the sensitivity of coherent devices may be used to investigate high
frequency noise [31]. In particular an accurate matching between measured inhomogeneous
broadening, echo signal and relaxation may give reliable information on the actual existence
of BCs at GHz and on the high-frequency cutoff of the 1/f spectrum.
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